By considering a radiating gas as a single quantum-mechanical system, energy levels corresponding to certain correlations between individual molecules are described. Spontaneous emission of radiation in a transition between two such levels leads to the emission of coherent radiation. The discussion is limited erst to a gas of dimension small compared with a wavelength. Spontaneous radiation rates and natural line breadths are calculated. For a gas of large extent the effect of photon recoil momentum on coherence is calculated. The effect of a radiation pulse in exciting "super-radiant" states is discussed. The angular correlation between successive photons spontaneously emitted by a gas initially in thermal equilibrium is calcu- A simple example will be used to illustrate the inadequacy of this description. Assume that a neutron is placed in a uniform magnetic field in the higher energy of the two spin states. In due course the neutron will spontaneously radiate a photon via a magnetic dipole transition and drop to the lower energy state. The probability of 6nding the neutron in its upper energy state falls exponentially to zero. ' ' If, now, a neutron in its ground state is placed near the first excited neutron (a distance small compared with a radiation wavelength but large compared with a particle wavelength and such that the dipole-dipole interaction is negligible), the radiation process would, according to the above hypothesis of independence, be unaGected. Actually, the radiation process would be strongly affected. The initial transition probability would be the same as before but the probability of finding an excited neutron would fall exponentially to one-half rather than to zero.
By considering a radiating gas as a single quantum-mechanical system, energy levels corresponding to certain correlations between individual molecules are described. Spontaneous emission of radiation in a transition between two such levels leads to the emission of coherent radiation. The discussion is limited erst to a gas of dimension small compared with a wavelength. Spontaneous radiation rates and natural line breadths are calculated. For a gas of large extent the effect of photon recoil momentum on coherence is calculated. The effect of a radiation pulse in exciting "super-radiant" states is discussed. The angular correlation between successive photons spontaneously emitted by a gas initially in thermal equilibrium is calculated.
" 'N the usual treatment of spontaneous radiation by .-a gas, the radiation process is calculated as though the separate molecules radiate independently of each other. To justify this assumption it might be argued that, as a result of the large distance between molecules and subsequent weak interactions, the probability of a given molecule emitting a photon should be independent of the states of other molecules. It is clear that this model is incapable of describing a coherent spontaneous radiation process since the radiation rate is proportional to the molecular concentration rather than to the square of the concentration. This simplified picture overlooks the fact that all the molecules are interacting with a common radiation field and hence cannot be treated as independent. The model is wrong in principle and many of the results obtained from it are incorrect.
A simple example will be used to illustrate the inadequacy of this description. Assume that a neutron is placed in a uniform magnetic field in the higher energy of the two spin states. In due course the neutron will spontaneously radiate a photon via a magnetic dipole transition and drop to the lower energy state. The probability of 6nding the neutron in its upper energy state falls exponentially to zero. ' ' If, now, a neutron in its ground state is placed near the first excited neutron (a distance small compared with a radiation wavelength but large compared with a particle wavelength and such that the dipole-dipole interaction is negligible), the radiation process would, according to the above hypothesis of independence, be unaGected. Actually, the radiation process would be strongly affected. The initial transition probability would be the same as before but the probability of finding an excited neutron would fall exponentially to one-half rather than to zero.
The justification for these assertions is the following: The initial state of the neutron system 6nds neutron 1 excited and neutron 2 unexcited. ( In this treatment the gas as a whole will be considered.
as a single quantum-mechanical system. The problem will be one of finding those energy states representing correlated motions in the system. The spontaneous emission of coherent radiation will accompany transitions between such levels. In the first problem to be considered the gas volumes will be assumed to have dimensions small compared with a radiation wavelength. This case, which is of particular importance for nuclear magnetic resonance experiments and some microwave spectroscopic applications, is treated erst quantum mechanically and then semiclassically, the radiation process being treated classicaHy. A classical model is also described. In the next case to be considered the gas is assumed to be of large extent. The eGect of molecular motion on coherence and the eGect on coherence of the recoil momentum accompanying the emission of a photon are discussed. Finally, the two principal methods of exciting coherent states by the absorption of photons from an intense radiation pulse or the emission of photons by the gas are discussed. Calculations of these two eGects are made for the gas system initially in thermal equilibrium. The eGect of photon emission on inducing coherence is discussed as a problem in the angular correlation of the emitted photons. There are no interference terms. Consequently, no superposition state can radiate more strongly than Eq. (27).
An energy level diagram which shows the relative magnitudes of the various radiation probabilities is given ln Flg.
States with a low "cooperation number" are also highly correlated but in such a way as to have abnormally low radiation rates. For example, a gas in the state r=m=0 does not radiate at all. This state, which exists only for an even number of molecules, is analogous to a classical system of an even number of oscillators swinging in pairs oppositely phased.
The energy trapping which results from the internal scattering of photons by the gas appears naturally in the formalism. As an example, consider an initial state of the gas for which one definite molecule, and only this molecule, is excited. The gas at first radiates at the normal incoherent rate for a short time and thereafter fails to radiate. The probability of a photon's being emitted during the radiating period is 1/n. These results follow from the fact that the assumed state is a linear superposition of the various states with m=1 n/2, -and that 1/n is the probability of being in the state r =~e . The probability that the energy will be "trapped" is (n 1)/n. Th-is is analogous to the radiation by a classical oscillator when rs -1 similar unexcited oscillators are near. The solution of this classical problem shows that only 1/n of the excitation energy is radiated. The remainder appears in nonradiating normal modes of the system. For want of a better term, a gas which is radiating strongly because of coherence will be called "superradiant. " There are two obvious ways in which a "super-radiant" state may be excited. First, if all the molecules be excited, the gas is in the state characterized by r=m= Qe.
(29)
As the system radiates it passes to states of lower m with r unchanged. This will take the system to the "super-radiant" region m~0. 
If a photon is emitted or absorbed having a momentum k' &k, the selection rules are hr= +1, 0; Am=~j.. (52) To prove this, it may be noted that the commutation relations of the 2e operators R;~' --R,~cos(k r;) -R,2 sin(k r;), R;2' --R;~sin(k r;)+R;~cos(k r, ), (53) As was discussed previously in the dipole approximation, super-radiant states may be excited by irradiating the gas with radiation until states in the vicinity of no=0 are excited. In the present case the incident radiation is assumed to be plane with a propagation vector k. After excitation the gas radiates coherently in the k direction. Because of the selection rules Eq. P""=(expss P, r;) L+++. +$, r=e/2, (54) and using the method leading to Eq. (21), there is obtained the set of states 6""=L(R, '-R, '-R, ) -:(R» -'R»)3 -"V. "". (55) If it is assumed that the gas is free, the functions Eq. (55) Hence it is clear that the recoi1 momentum given to a molecule when it radiates in the k direction does not produce a molecular motion which destroys the coherence but rather is required to preserve the coherence.
The gain or loss in photon energy which has its origin in the Doppler effect is equal to the loss or gain in the kinetic energy of a radiator which results from the photon-induced recoil. Expressed 
PULSE-INDUCED COHERENCE RADIATION
It will be assumed in this section that a gas initially in thermal equilibrium is illuminated for a short time by an intense radiation pulse. The intensity and angular dependence of the spontaneous radiation emitted after the pulse will be calculated. In order to avoid the difhculties associated with motional e6ects, the molecuIes will be assumed so massive that their center-of-mass coordinates can be represented by small stationary wave packets. The center-of-mass coordinates will be then treated as time-independent parameters in the equation. It is assumed that the intensity of the exciting radiation pulse is so great that. the fields acting on the gas during the pulse can be considered as described classically. The spontaneous radiation rate after the exciting pulse will be calculated quantum mechanically.
Because the initial state of the gas is a mixed state describing thermodynamic equilibrium, it is convenient to use the density matrix formalism. " It will be assumed that one has an ensemble of gas systems statistically identical and that what one is calculating is certain ensemble averages.
For a pure state, Eq. (28) shows that the spontaneous radiation rate in the k' direction can be written as the expectation value I(k ) = Is(k )(Rx +Rx ).
(60) For a state which may be mixed or pure using the density matrix formalism this becomes the trace I(k') =Is(k') trR; pR, . +.
Here the density matrix is dined as the ensemble mean p= LA'*PA (63) In Eq. (63) the wave function lt is interpreted as a column vector and the * is the Hermitian adjoint. The symbol t ]""signifies an ensemble mean.
Assume that the exciting radiation pulse is in the form of a plane wave in the k direction. The fields which act on the various molecules diGer only in their arrival time. The Hamiltonian of the system can be written II= Ao~Rs -P, A, (t) (eiR;i+esR, s). (69) where t; is the arrival time of the radiation pulse at the jth molecule. Neglecting for the moment the interaction term, the time dependence of the wave function can be given by the unitary transformation P(t) = exp( -ia&tR3) $(0). (66) In general, the wave function after the interaction with the electromagnetic 6eM can be obtained through a unitary transformation on the wave function prior to the pulse. The wave function of the gas after the radiation pulse has passed completely over the gas can be related to that before by P'(t) = exp( -i(otR, )TP(0). (67) Here T is a unitary matrix which represents the eGect of the pulse on the gas. To 6nd the most general form of T it is convenient to consider the effect of the pulse on a particular molecule. Since this molecule has only two internal states of interest, its wave function can be regarded as a spinor in a pseudo "spin space. " Then, The first and second rotations are through angles of' 0' and 0, respectively, and the phase of n determines the direction of the 2nd rotation axis. It is assumed that n~= 1 and that the arrival time at the jth molecule is t, = (1/a))k r;.
Equation (67a) becomes Eq. (68) after making use of (67b):
T= expi (Rk+n+-Rq n*) expi8'R3.
2
It should be noted that the eGect of the diGerent times of arrival of the pulse at the various molecules is contained in k r; which appears in R~+ in Eq. (68).
The reason for choosing this transformation to be a rotation about No. 3 followed by a perpendicular rotation is that the rotation about No. 3 is the same as a time displacement and has no effect since the initial state is assumed to be one of thermal equilibrium.
Assume that the initial density matrix can be written as tr A;8; =2 "trA; trB, , trR;3= trR+= 0, trR;3' 2" trR;+R; =trR;M;p 2" '.
-- integrating over all directions of the emitted radiation.
Aside from the factor Io(k'), the directional dependence of the emitted radiation is given by this mean. This factor is identical with the distribution factor for radiation about a set of classical isotropic radiators which have been excited by a plane wave. Consequently, for a 8 of 90' and m tanh~(E/kT) large compared with unity, the angular distribution of radiation is just the classical one.
The physical significance of the angle 0 is that sin'20 The density matrix after the radiation pulse is p(t) = exp( -ia&tR, ) TpoT ' exp(ia&tR3) . (70) The spontaneous radiation rate after the exciting pulse is given by Eq. (62) which becomes
since R3 commutes with R~+Rq . The radiation rate is thus independent of the time after the exciting pulse. This is because the eGect of the radiated field on the gas has been neglected. Equation (71) (73) where R,at~R;3 cos8 --, '$(R,y'n -R; 'n*) sln8. (74) The primed operators are obtained from Eq. (53) as R;+' R, r'&iR, 2' ---R;~exp(&z-k r,).
The trace in Eq. (72) can now be evaluated to give I(k') =Io(k')Q tr2 "g(1 yR, 3t)R;+ R-, . Eq. (79) the radiation probability in the direction k has twice the probability averaged over all directions.
In the problem to be considered, the system will consist initially of the gas in thermal equilibrium having , a temperature T (possibly negative) and a photonless 
(-, 'n+mp+1 -s)P, It is assumed that the system consists initially of a gas with an energy moE and a photonless radiation Geld. A photon and only one photon is observed to be emitted. The eGect of the photon emission on the state of the system is required.
There are two separate eGects to be considered. First there is the effect on the state of the system which has its origin in the interaction between the Geld and gas. Second there is the eGect of the observation which determines that a photon and one photon only has been emitted, that this photon was emitted in the k direction, and that the photon was absorbed in the detector. The Grst part of the problem is solved using Schrodinger's equation. 
where f is a function of the time of observation. As the photon detector also absorbs the photon, the wave function must be multiplied by the annihilation operator e-vk. This gives, except for the time factor, P"~Rg Pp, 
representing the photonless state of the ensemble of systems after the emission, detection, and absorption of photon described by k.
